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But  de cet t e le• on

Cet t e le• on a deux par t ies. Dans la pr emi• r e par t ie, on 
discut e les ef f et s de l' envir onnement  sur  des Žt at s ˆ  
plusieurs par t icules, pour  de diver s canaux quant iques, 
quÕon va int r oduir e, en addit ion au canaux dÕamplit ude, quÕon 
a discut Ž dans la deuxi• me le• on. En suit e, dans la 
deuxi• me par t ie, on a une int r oduct ion ˆ  la mŽt r ologie 
quant ique, quÕon limit e dans cet t e le• on ˆ  des evolut ions 
unit air es des Žt at s pures. On pr Žsent  alor s une dŽduct ion 
de la limit e Cr amŽr -Rao et  on int r oduit  lÕinf or mat ion de 
Fisher  quant ique, laquelle est  r elat ionnŽe avec la dist ance 
ent r e deux Žt at s quant iques voisins. Le cas plus gŽnŽr al 
dÕŽt at s mŽlangŽs avec une Žvolut ion non-unit air e ser a 
considŽr Ž dans la quat r i• me le• on.



I I I .A - Decay of  mult ipar t it e 
entangled states



¥Amplit ude damping channel.
 

Wit h                             t his is j ust  t he Weisskopf -Wigner  appr oach t o t he 
spont aneous emission of  an at om int o a zer o-t emper at ure envir onment . I n t his 
case, t he st at es        and        cor r espond t o t he vacuum and one-phot on st at es of  
t he r eser voir . 

Examples of  quant um channels:  amplit ude- damping
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Examples of  quant um channels:  dephasing

¥Dephasing channel.
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The evolut ion of  t he densit y mat r ix is t hen:

Al te rnative  descrip tio n of th e channel:

Equivalent  t o t he f ir st  one, wit h pÕ=p/ 2. The cor r esponding Kr aus 
oper at or s,                                              ar e unit ar ily r elat ed t o             



¥Oth er channels.

¥Depolar izing channel:                                Probalit y 1-pÕ of  r emaining in 
t he same st at e and pÕ of  becoming a complet e mixt ure.

            A ver age 
number  of  phot ons 
in th e environment

Examples of  quant um channels:  depolar izat ion and t her mal
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Using the i denti ty                                   thi s can be wr itten  as (with           ) 

                                                     (sum of  spin f lip, phase f lip and bit -phase 
f lip), cor r esponding t o t he Kr aus oper at or s

and t o t he unit ar y channel

¥ Ther mal channel. Yields t he amplit ude-damping channel when T=0.



Decay of  ent anglement  f or  N qubit s

Inde pendent 
individual 
envir onments



Does ent anglement  become mor e r obust  f or  incr easing N?
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I s Ent anglement  Sudden Deat h r elevant  f or  mult ipar t it e st at es?
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Envir onment - gener at ed bound ent anglement

Since t he st at e is symmet r ic wit h r espect  t o all of  t he qubit s, in t he 
r egion mar ked below any qubit  becomes separ able f r om t he ot her  t hr ee, 
so it i s not possi ble to d isti llate a max imally-entangled state b y LOCCÕs.
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Bound entanglement region



Gener alizat ion: Gr aph- st at e en t anglement

11

! At each vertex, place a qubit in the 
state

! Apply control-Z gate between two 
connected vertices:

! Universal states for measurement-
based quantum computation 
(Raussendorf and Briegel)

! GHZ states are special cases of graph 
states 

0 + 1( ) / 2

0 + 1( ) / 2 ! 0 + 1( ) / 2

" 00 + 01 + 10 # 11( ) / 2

R. Raussendorf and H.J. 
Briegel, Phys. Rev. Lett. 
86, 5188 (2001)



Gener alizat ion: Gr aph- st at e en t anglement  ( 2)

•For a large class of quantum channels, and any partition, total entanglement is 
determined by entanglement of boundary qubits (connected by black lines). 
Important special case: Pauli channels

•Any convex bi- 
or multi-partite 
entanglement 
quantifier (no 
increase under 
LOCC)

•Any graph or graph-diagonal state

(The pict ure 
cor r esponds t o 
th ree partitions)



I I I .B - I nt r oduct ion t o quant um 
metr ology



Paramet er  est imat ion and Gener alized Uncer t aint y Relat ions
The est imat ion of  par amet er s plays an impor t ant  r ole in physics. Some t ypical 
problems are:

¥ Est imat e t he under gr ound dist ance of  an oil deposit  based on sound 
r ef lect ion

¥ Est imat e t he posit ion and or ient at ion of  an obj ect  f r om a camera 
image (robotic s)

¥ Est imat e t he phase shif t  in an int er f er omet er , due t o slight  mot ion of  
th e mirrors (detec tion of gra vita tiona l waves) or to a n objec t inserted  
in one of th e arms

¥ Est imat e t he phot on-number  dependent  phase shif t  or  some t r ansit ion 
f r equency of  an at om cr ossing a cavit y (cavit y QED) t hr ough 
measurement s on t he at om af t er  exit ing t he cavit y

We shall see t hat  quant um par amet er  est imat ion is int imat ely r elat ed t o t he 
Heisenber g uncer t aint y r elat ions, in f act  it  allows t he gener alizat ion of  
uncer t aint y r elat ions: t hey ar e usually associat ed wit h Her mit ian oper at or s, but  
t he t heor y of  par amet er  est imat ion allows one t o obt ain uncer t aint y r elat ions 
f or  par amet er s, like t ime, f or  which t her e is no suit able Her mit ian oper at or .



Step s in para meter estim atio n

1.  Prepare probe in suitable initial state
2.  Send probe through process to be investigated
3.  Choose suitable measurement
4. Associate each experimental result j with estimation

! x " # xest ( j ) $ xreal[ ]2
%j  &  Merit quantifier

xest = xreal  !  Unbiased estimator (To be mor e r igor ously 
define d late r on)



Classical par amet er  est imat ion

H. CramŽr                 C. R. Rao                         R. A. Fisher    

Cr amŽr -Rao bound f or  unbiased est imat or s:
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                                                                   N !  Number of repetitions of the experiment

pj x( ) !   probability of getting an experimental result j

Fisher 
information

or  yet , f or  cont inuous measurement s:
wher e     ar e t he measurement  r esult s
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"

" ln p(! |X )
" X

#2

!



Der ivat ion of  Cr amŽr - Rao bound (voir  Deuxi• me Le• on du   
cours 2009- 2010 de Har oche)

Suppose one want s t o est imat e a r eal par amet er  X (which could be a 
cont inuous or  discr et e var iable, or  yet  mult ivar iat e). We consider  her e a 
single cont inuous par amet er , and N ident ical measurement s, wit h r esult s                  
                The pr obabilit y densit y f or  r esult   , given X, is           . One 
est imat es t he par amet er  X via a f unct ion    

We st ar t  f r om the f ollowing t r ivial ident it y:

Der iving wit h r espect  t o X:

Applying Schwar z inequalit y:

I n t he sum squar ed, t he cr ossed t er ms do not  cont r ibut e t o t he int egr al, 
since 
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The int er est ing quant it y is t he st at ist ical deviat ion bet ween t he 
est imat ed value of  t he par amet er  and t he r eal one:

wher e t he der ivat ive r emoves t he local dif f er ence in t he Òunit sÓ of  
t he est imat or  and t he par amet er . We get  t hen t he Cr amŽr -Rao bound

We get  t hen 

which can be wr it t en as (since all t he t er ms in t he sum give ident ical 
cont r ibut ions t o t he int egr al):

where 

is th e Fisher  infor mation.

Der ivat ion of  t he Cr amŽr - Rao bound (2)
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Cr amŽr - Rao bound f or  unbiased est imat or s

Unbiased esti mator s are those f or  which                   an d                          .            
 I n thi s case, f r om                             

we have                and from 

we get

which is t he Cr amŽr -Rao bound f or  unbiased est imat or s. Fisher Õs t heor em 
shows t hat  maximal likelihood yields an unbiased est imat ion t hat  
sat urat es t he above inequalit y (i.e., t r ansf or ms it  int o an equalit y) when                
             (see 2009-2010 Lect ures by Har oche). 
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Geometr ic i nt er pret at ion of  t he Fi sher  i nf ormat ion

The Fisher  inf or mat ion is r elat ed t o a dist inguishabilit y met r ic f or  pr obabilit y 
dist r ibut ions [Woot t er s, PRD 23, 357 (1981)] . The f ollowing discussion is based 
on t he paper  by Br aunst ein and Caves, PRL 72, 3439 (1994).
PROBLEM: Af t er  dr awing N samples f r om a pr obabilit y dist r ibut ion, est imat e t he 
pr obabilit ies     by measur ing t he f r equencies    . 
The pr obabilit y f or  t he f r equencies is given by a pr obabilit y dist r ibut ion, which 
f or  lar ge N is pr opor t ional t o t he Gaussian 

fjpj
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!
j dp2
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j pj (d ln pj )2 "

I f  we assume t hat      depends on a par amet er  X and t hat      dif f er s f r om     due 
to a  small varia tion of X , th en we can write                                                           ,  
which is t he discr et e ver sion of  t he Fisher  inf or mat ion. Ther ef or e, F(X) 
measures t he st at ist ical dist ance bet ween t wo near by pr obabilit y dist r ibut ions:

A near by dist r ibut ion     can be r eliably dist inguished f r om     if  t he Gaussian                                            
                                         is small: t her ef or e,                      can be t aken as a 
dist inguishabilit y met r ic on t he space of  pr obabilit y dist r ibut ions (PD):       
                                                                        stati sti cal distance (Wootter s)

ds2
PD = F (X )dX 2



Quant um par amet er  est imat ion

The gener al idea is t he same as bef or e: one sends a pr obe t hr ough a 
par amet er -dependent  dynamical pr ocess and one measures t he f inal st at e 
t o det er mine t he par amet er . The pr ecision in t he det er minat ion of  t he 
par amet er  depends now on t he dist inguishabilit y bet ween quant um st at es 
cor r esponding t o near by values of  t he par amet er . 



Example f r om opt ical i nt er f er omet r y

Sta ndard limit:

Heisenber g 
limit:

Possible met hod t o incr ease pr ecision f or  t he same aver age number  
of  phot ons: Use NOON st at es [J.  J.  Bollinger  et  al., PRA 54, R4649 
(1996);  J. P. Dowling, PRA 57, 4736 (1998)]

! N( ) = 0,N + N,0( ) / 2 " ! N,#( ) = 0,N + eiN# N,0( ) / 2
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1
N

(Ignoring rep etitions 
of the exper iment)

Pr ecision is bet t er , f or  t he same amount  of  r esources (aver age 
number  of  phot ons)!



The above bound cor r esponds t o an opt imizat ion over  est imat or s f or  a 
given quant um measurement . I n or der  t o get  t he ult imat e lower  bound f or  
                  one should st ill opt imize over  all quant um measurement s. One 
gets then  the Quant um Fisher  I nf or mat ion
so that                                             .

Quant um Cr amŽr - Rao bound

The der ivat ion of  t he Cr amŽr -Rao bound is as bef or e. But  now t he 
pr obabilit y densit y f or  r esult   , given t he par amet er  X, is 

where th e non-negative Hermitian operators        describe a 
gener alized measurement , wit h                    .  The bound is t he same 
as bef ore,

with  
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√
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We show now t hat  t he quant um Fisher  inf or mat ion is r elat ed t o t he 
dist inguishabilit y bet ween quant um st at es.



Geomet r ic int er pr et at ion of  t he quant um Fisher  inf or mat ion

Consider  neighbor ing pure st at es, expanded in an or t honor mal basis        :

                 implies t hat                                            . Measurement s 
cor r esponding t o t he one-dimensional pr oj ect or s          dist inguish       and 
      accor ding to the classi cal metr ic                                                         .
The quant um dist inguishabilit y met r ic is def ined by t he measurement s 
th at resolve th e two sta tes op tima lly , maximizing th erefore         . 
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We show now t hat  t his maximum is given by t he Hilber t -space angle
                      , wit h t he cor r esponding met r ic         given by (PS=pure st at e)

wher e                                          is t he pr oj ect ion of         or t hogonal t o     . The  
last ter m on the r ight-han d side is non-negative, and vanishes if 
                                                                        f or  all j , which can be obtai ned f or  
inst ance by choosing a basis t hat  includes     . This choice maximizes         .  This 
shows t hat  t he maximum value of          is indeed        , and t hus                
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Quant um Fisher  inf or mat ion f or  pure st at es (1)

Consider  a unit ar y pr ocess, t he init ial st at e of  t he pr obe is          , and t he 
f inal X-dependent  st at e is                                   , wher e         is a unit ar y 
oper at or .  Def ine                                    , so t hat                                       . 

Let                                                                 .Then   

which may also be wr it t en as [wit h g(X) a r eal f unct ion]:

Ther ef ore: 

wher e in t he last  st ep we have used t he Schwar z inequalit y.
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Quant um Fisher  inf or mat ion f or  pure st at es (2)

Fr om 

we get 

or  yet, in  ter ms of the in itial state          :
    

The bound at t ains it s minimum value when
Ther ef or e, we f ind f inally t he upper  bound f or  t he Fisher  inf or mat ion:

We show now t hat  t his upper  bound is act ually at t ained by a pr oper  
measurement , and t her ef or e it  coincides wit h t he quant um Fisher  
informa tion.
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Quant um Fisher  inf or mat ion f or  pure st at es (3)

We consider  t hat  t he out going st at e is           , and t he measurement  def ined by

and show t hat  t he cor r esponding Fisher  inf or mat ion at t ains t he upper  bound 
der ived in t he last  slide when              . We have, in t his case:

Ther ef ore,

 
Since                                and                                          , th e limit                of 
t his expr ession is indet er minat e. Using lÕH™pit alÕs r ule, one get s:  

wher e, as bef or e,                                     . This is pr ecisely t he upper  bound 
f ound bef or e. This shows t hat , f or  pure st at es,  
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Examples o f  Gener alized Uncer t aint y Relat ions

1. Spat ial displacement  and moment um

Spat ial displacement s ar e gener at ed by t he moment um oper at or     : 

and                                 , so t hat  t he CramŽr-Rao relat ion yields 

which cor r esponds t o t he Heisenber g uncer t aint y r elat ion, wit h t he 
number  of  r epet it ions included. 

P̂

|! (X )! = eiX öP / ! |! (0)! " öH = i
döU  (X )

dX
öU(X ) = öP/ !

[For  mor e det ails, see Br aunst ein, Caves, and Milburn, 
Annals of Physics 247 , 135 (1996)]

! (! X )2" #
! 2
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Examples o f  Gener alized Uncer t aint y Relat ions ( 2)

2. Har monic-oscillat or  phase and number  of  quant a

Shif t s in t he phase             of  t he oscillat or  ar e gener at ed by t he number  
oper at or               :                                      . Ther ef or e,            and  ön = öa  öa

X = !
|ψ(φ)! = exp(iφön)|ψ(0)! öH = ön

!(! " )2"!(! n̂)2" #
1

4N

Problem: I f           is a Fock st at e, t hen                   , but  t he angle is 
def ined bet ween 0 and     . This ar ises because, f or  a number  st at e, 
no measurement  can pr ovide any inf or mat ion about  t he phase shif t . 
Thus, any est imat or  must  sat isf y                      , so t hat  t he deviat ion 

diver ges, even if        is r est r ict ed t o a f init e r ange.    

|! (0)! 〈(! " )2〉 = ∞
2!

d! ! est "/d ! = 0

! est

2. Time and ener gy

Fr om                                            , we get                                         , 
wher e T is t he elapsed t ime and             is t he est imat or Õs mean squar e 
deviat ion f r om t he act ual elapsed t ime. 

! (! T)2"! (! öH )2" # ! 2/ 4N
!(δT)2"

|! (T)! = exp(" iT öH / ! )|! (0)!

! " !
" est

|d"" est #φ/d " |
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However , we know t hat  f or  t he best  measurement                                   wher e     
her e is t he gener at or  of  phase displacement s:                        . Since f or  t he 
init ial st at e       we have                           it  f ollows t hat  t he measurement  of  
maximizes the Fisher  infor mation, leading to the cor r esponding CramŽr-Rao 
bound                                           , t he so-called st andar d limit .

Ent anglement - assist ed par amet er  e st imat ion

1. Separ able qubit s. We  go  back now t o t he pr oblem of  t he r ole of  ent anglement  
in par amet er  est imat ion, t hr ough a simple example, r elat ed t o at omic 
spect r oscopy, which is usef ul t o illust r at e t he t heor y discussed so f ar .
We pr epar e N qubit s in t he st at e                                  .  The evolut ion of  each 
qubit  is given by                                            (quit e f amiliar  f r om disper sive 
cavit y QED!). Ther ef or e, t he st at e       evolves int o 

|+! = (|0! + |1!)/
"
2
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±1 p! 1(± 1|! ) [" p(± 1|! )/ " ! ]2 = 1.
öH

!(! öH)2"0 = 1/4,

öX
öX

öH = (1 + öZ )/ 2
öX

We must  now choose a pr oper  measurement  t o est imat e   . We choose t he one 
associat ed wit h t he Pauli    oper at or  (we show t hat  t his is t he best  one). The 
measurement  of     has t wo possible out comes,      , wit h pr obabilit ies

The Fisher  inf or mat ion f or  t his measurement  is t hus given by

FQ (! ) = 4〈(! öH )2〉0 ,

δφ ! 1/
√

N FQ(φ) = 1/
"

N



The gener at or  of  phase displacement s is                                  , so t hat                          
                                             which means t hat  t he above measurement  
leads t o t he maximum value of  t he Fisher  inf or mat ion and t o t he Cr amŽr -
Rao bound                                       somet imes called Heisenber g limit . 
Note that the higher  pr ecision for  the same N was obtain ed by entangling 
t he qubit s and making local measurement s of        on t he out going st at e. 

Ent anglement - assist ed par amet er  e st imat ion
2. Ent angled qubit s. We consider  now t hat  t he N qubit s f or m a GHZ 
st at e, wit h t he same evolut ion as bef or e,                                            , 
                                                    wher e
and we def ine also                                     Af t er  t he evolut ion, t he init ial 
state b ecomes 
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! N
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In orde r to  estim ate  th e phase, we choose th e observable 

wit h eigenvect or s          cor r esponding t o t he eigenvalues     , so t hat                                

which leads to th e Fisher information
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x
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What  about  non- unit ar y pr ocesses?

I n t he last  slide, it  was shown t hat  a N-qubit  GHZ st at e leads t o a 
pr ecision limit  much bet t er  t han a separ able st at e of  N qubit s.

However , f r om t he f ir st  par t  of  t his lect ure, we know t hat  N-par t it e 
GHZ st at es ar e f r agile under  decoher ence. This leads t o a nat ural 
quest ion: is it  possible t o r each t he Heisenber g limit  in t he pr esence of  
decoherence?

This quest ion will be addr essed in t he f our t h lect ure.
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