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But de cette leeon

Cette legon a deux parties. Dans la premiere partie, on
discute les effets de |'environnement sur des 2tats &
plusieurs particules, pour de divers canaux quantiques,
quon va introduire, en addition au canaux d@mplitude, quon
a discut2 dans la deuxieme legon. En suite, dans la
deuxieme partie, on a une introduction a la métrologie
quantique, quon limite dans cette legon a des evolutions
unitaires des 2tats pures. On présent alors une déduction
de la limite Cramér-Rao et on introduit linformation de
Fisher quantique, laquelle est relationnée avec la distance
entre deux gtats quantiques voisins. Le cas plus général
d@tats mélangés avec une évolution non-unitaire sera
considéré dans la quatrieme legon.



| 1l .A - Decay of multipartite
entangled states



Examples of quantum channels: amplit ude- damping

¥Amplit ude damping channel.

USR 10)s|0)r = [0)s]|O)r

USR IDsl0)r = 1 —pl1)sl0)r + +/Pl0)s|1)r
With p= 1! exp(! !t)thisisjust the Weisskopf-Wigner approach tothe
spont aneous emission of an atom into a zero-temperature environment. I nthis

case, the states |0lg and |1)i correspond to the vacuumand one-photon states of
the reservoir.

¥<raus operators. From the definition K, = i (u|Usgr |0)fon € gets
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Examples of quantum channels: dephasing

¥Dephasing channel.

UER |0l 5|0l = |0l 5Ol %
UER |Us|Olr = 1" pllis|Olg + 7 PlLs|1lR
1 0 % "0 %

0
KO:%O 11 p Kl:%o Jp %

The evolution of the density matrix is then:

# ',OO \/1" p!01 ((&

$(/) =K, K, +K,/K, =%

%\/1" p!10 !11 (
Alte rnative descriptio n of th e channel:
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Equivalent to the first one, with pGp/ 2. The corresponding Kraus
operators,Kg= 1! p1, K= pZ, are unitarily related toK g, K.




Examples of quantum channels: depolarization and ther mal

¥Oth er channels. ,
¥Depolarizing channel: $(! ) = IO7+(1# p")!. Probality 1-pGof remaining in
the same state and pQ»f becoming a complet e mixture.

. _ 3P
Using the identity 1_pP+XpX+Ypr+ZpZthj g canbe written as (with p= ?p)
2 4

$(p)=(1- p)p+p(XpX+YpY+ZpZ) (sum of spin flip, phase flip and bit-phase

flip), correspondlng tothe Kraus operators

Ko= 1! pl,Kq1= X, Ky = Y,K3 =

wlo|

wlo|

wIo|
N

and to the unitary channel
U, :|w), ®|0), = 1-ply), ®|0),

)
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¥ Thermal channel. Yields the amplitude damping channel when T=0.

K_/ﬁ+1"1 n+l 0 f%
’ 2ﬁ+1$0 1'p ¢ 2n+l n'! Average

/ Jp 0 /o lin number of photons
2n+1 % on +1 % 0 \/7 o In th e environment




Decay of entanglement for N qubits
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Does entanglement become more robust for increasing N?
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| s Entanglement Sudden Death relevant for multipartite states?

4 qubits
40 qubits 400 qubits
01s5) \/ |

400 qubits

Negativities
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Environment - generated bound entanglement

Since the state is symmetric with respect to all of the qubits, inthe
region marked below any qubit becomes separable fromthe other three,
so it i s not possible to d isti llate a max imally-entangled state b y LOCCOs.
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Genrer alizat ion: Gr aph- state entanglement

At each vertex, place a qubit in the
state (|O> +| 1)) /2

Apply control-Z gate between two
connected vertices:

(0)+[1) 321 (0)+1)) 142

" (]00)+|01)+[10) #[11)) /2
Universal states for measurement-
based quantum computation
(Raussendorf and Briegel)

GHZ states are special cases of graph
states
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Genrer alizat ion: Gr aph- state entanglement (2)

Any graph or graph-diagonal state

(The picture
corresponds to
th ree partitions)

°For a large class of quantum channels, and any partition, total entanglement is
determined by entanglement of boundary qubits (connected by black lines).
Important special case: Pauli channels



|11 .B-Introductionto gquantum
metr ology



Parameter est Iimation and Generalized Uncertainty Relat 1ons
The estimation of parameters plays an important role in physics. Some typical
problems are:

¥ Estimate the underground distance of an oil deposit based on sound
reflection

Estimate t he position and orientation of an object froma camera
Image (robotic s)

Estimat e the phase shift in aninterferometer, due to slight motion of

th e mirrors (detec tion of gra vitational waves) or to a n object inserted
In one of the arms

Estimat e t he phot on-number dependent phase shift or some transition
frequency of an atom crossing a cavity (cavity QED) through
measurements on the atom after exiting the cavity

We shall see that quantum parameter estimation isintimately related tothe
Heisenberg uncertainty relations, in fact it allows the generalization of
uncertainty relations: they are usually associated with Hermitian operators, but
the theory of parameter estimation allows one to obtain uncertainty relations
for parameters, like time, f or which there is no suitable Her mitian operat or.



Step s In parameter estimation

Initial State == Dynamical Process = Final State =P  Measurement = Estimator

—— O

1. Prepae probe in suitable initial state
2. Sendprobe through proces to be invedigated

3. Choose suitable meaurement
4.Assoclate each expermentd reault j with edimation

I Bxa(1)$ %] % & Merit quantifier
(To be more rigorously

(Xeq ) =X ! Unbiased estimator
define d later on)



Classical par ameter est imation

CramZr-Rao bound for unbiased estimat ors:

Ix" 1/ {NF(xa), F(x)#$ p, (x)ld ln%d‘z X

2

N! Numbe of repditionsof the experiment L

p,(x)! probability of geting an experimental result |

or yet, for continuous measurements: F(X) ! d! p(!|X)
where ! are the measurement results

“Inp(!|X) " ?

"X



Derivation of CramZr- Rao bound (voir Deuxie me Leeon du
cours 2009- 2010 de Haroche)

Suppose one wants to estimate a real parameter X (which could be a
continuous or discrete variable, or yet multivariate). We consider here a
single continuous parameter, and N identical measurements, with results
l1,...,'n. The probability density for result !, given X, isp(! |X). One
estimates the parameter X viaafunction Xest = Xest(M1,...,In)-

We st art from the f ollowing trivial identity:
d!léééd!N p(!llX) ééép(!N |X)| Xest — O; ! Xest — Xest(!lééé!N ) ! "Xest#X

Deriving with respect to X:

A np(taIX) dl X
diy &ééd y p(! 11X ) &8p(!y [X ) D
n=1
Applying Schwarz inequality: P2 o &,
| 2 =% | 444N (| # o Inp(!n|X) d(Xest )x

. X —  dX
| nthe sum squared, the crossed terms do not contribute tothe integral,

since  dl;p(L PO Inp(L X)) " XT= dutp(IX) X = (1 X) dlp(tilX) = 0



Derivation of the CramZr- Rao bound (2)

We get then
: 'N

1 T+ P2 70 Lo
sz . "Inp(ly|X d' X egt”
(AX )28 diy 8 (111X ) 480(!y X) POnlE) g P
n=1

which can be written as (since all the terms in the sum give identical
contributionstothe integral): .

A X o' °
NT(! Xeg)2"F(X) # d;zt X ,‘! Xest = Xest(11888N) ! "Xestth I
where

"lop(t X))t 1 p(tX) ™
"X pt|X) "X

F(X)Z: d! p(!|X)

IS th e Fisher infor mation.
The interesting quantity isthe statistical deviation between the

estimat ed value of the parameter and the real one:

Xest "(AX eSt)Z#

I X | | "(1X)°#=
X |d"Xest#§</dX|$X (%) [d"X est ¢ 1d X ]2

where the derivative removes t he local dif f erence in the Qunit sOof
the estimator and the parameter. We get then the CramZr-Rao bound

(1 X)*" # NFl(X) + 11X "

+ "I X #




CramZr- Rao bound for unbiased estimators

Unbiased esti mator s are those f or which ' X " = Xan dd! Xgg"'/d X =1
| n thi s case, from
1X | X st

|d"X est#s( /d X |

we have!l X" = (Qand from

!(!X)Zn — I(' Xest)2" n !!X,,z

[d!Xest"X /d X ]2

$ X

we get
° 1

(X)
which is the CramZr-Rao bound for unbiased estimators. Fisher® theorem
shows that maximal likelihood yields an unbiased estimation t hat

saturates the above inequality (i.e., transforms it into an equality) when
N ! " (see2009-2010 Lectures by Haroche).

(1X)%) = (! Xest)®) = G



Geometric interpretationof t he Fisher i nformation

The Fisher informationis related to a distinguishability metric for probability
distributions [Wootters, PRD 23, 357 (1981)]. The following discussion is based
on t he paper by Braunstein and Caves, PRL 72, 3439 (1994).

PROBLEM: After drawing N samples from a probability distribution, estimate the
probabilities p; by measuring the frequencies f; .

The probability for the frequencies is given by a probability distribution, which

for large N is proportional to the Gaussian
g (N/2)(f;! pj)*/p;

A nearby distribution g can be reliably distinguished from p; If the Gaussian
expl! (N/2)(gj ! pj)*/p;j]is small: therefore, (g ! pj)“/p;canbetakenasa
distinguishability metric on the space of probability distributions (PD):

dSI%D | j dIOjZ/IOj = i b (dIn pj)2 stati sti cal distance (Wootter s)

| f we assume that p; depends on a parameter X and that g differs from p; due
to a small variation of X , th en we can write (dspp/dX)? =" [dp; (X )/d X ]?/p;j(X)
which is the discrete version of the Fisher information. Therefore, F(X)
measures the statistical distance bet ween t wo near by probability distributions:

ds%, = F(X)dX 2




Quantum parameter estimation

Initial State == Dynamical Process = Final State =P  Measurement = Estimator

——

The general idea is t he same as bef ore: one sends a probe through a

par amet er-dependent dynamical process and one measures the final state
to determine the parameter. The precision in the determination of the
paramet er depends now on t he distinguishability bet ween quant um st at es
corresponding t o near by values of the parameter.

PHYSICAL REVIEW
LETTERS

Statistical Distance and the Geomnetry of Quantum States




Example f romoptical interferometry

> S
= = == F——\

- 1
Standard limit: " # D i K/ ! ei"#>‘2 :exp($‘! (1$ e‘"#)‘z)

(Ignoring rep .etitions %exp8$<n)("#)25 0l % <n>(#)2
of the exper iment)

Possible method to increase precision for the same average number
of photons: Use NOON states [J. J. Bollinger et al., PRA 54, R4649
(1996); J. P. Dowling, PRA 57, 4736 (1998)]

1 (N))=(|0,NY+[N,0)) /v/2" |1 (N,#))=(]0,N)+€™|N,0)) /2

F(N)) (N, #)) = cost (N"#12) 1 18 (N"#12) % "#&%

Precision is better, for the same amount of resources (average
number of phot ons)!



Quant um CramZr- Rao bound

The derivation of the CramZr-Rao bound is as bef ore. But now t he
probability density for result !, given the parameter X, is

p(! [X) = Tr[B(!)5(X)]
where th e non-negative Hermitian operators [E(Hescribe a
generalized measurement, with d! ©(!1) = 1. The bound is the same
as before,

1
1(1 Xagt)2" #
with Vi ) VNF(X)
i “lnp(!|X)"F 1 p(t|x)"
FIX {P(1)}] = d! p(!|X) ~ = d! S IX) "

The above bound corresponds to an optimization over estimators for a
given gquantum measurement. | n order to get the ultimate lower bound f or
(! Xest)?" one should still optimize over all quantum measurements. One
gets then the Quantum Fisher | nformation Fq(X) = maX.g ), F[X; {B(1)}]

sothat /! (! Xest)?"# U /NFq(X).
We show now that the quantum Fisher informationisrelated tothe

dist inguishability bet ween quant um st at es.




Geometric interpretation of the quantum Fisher information

Consider neighboring pure states, expanded in an orthonormal basis{|]'}:

tr=  peEdljl,  F= i+ dt= pi + dpe(@*de|jn,
] J

1|1 " =1 implies that Rely|dy" = # (1/2)!dy|dy". Measurement s

corresponding to the one-dimensional projectors|j) (| distinguish|! ! and

"™ accor ding to the classi cal metricds3, = dp?/p; = ; p(dInp;)?

The quant um dist inguishability metric is def med by the measurement s

th at resolve th e two sta tes optimally, maximizing th erefore dS%D.

We show now t hat this maximum is given by the Hilbert-space angle
cos H([{"]! )|), with the corresponding metric ds%sgiven by (PS=pure state)

s = (69 M1 D = 1 (gl gf* = (- o - |
= % j pijj-l_ J P, d"2 J i d"j - %dS%D + j Pj (d"j — kK pkd"k)z,
where |d! (! |d! 1 # |! 19 |d! ! isthe projection of |d! | orthogonal to|! I. The
last ter m onthe r ight-han d side Is non-negative, and vanishes if

pi (d!; — *  Ped! ) = Im(" )G [d" ) =fQ or allj, which can be obtained f or
instance by choosing a basis that includes|! !. This choice maximizes ds3 . This

shows that the maximum value of ds3 is indeed ds3, and thus| dsss = Fo(X)dX 2'




Quantum Fisher information for pure states (1)
(d@pr e s Bruno Escher)
Consider a unitary process, the initial state of the probeis|! (0)!, and the
final X-dependent state is|! (X)! = Q(X)|! (0)!, where O(x)is a unitary
operator. DefineA(X) ! " 990§ (X), sothat LD = FRX)|! (X)! -

Let p(!'|X)=1!" (X)I@(')I" (X)", d'E(') = LThen

!p("|X) d . . d
X7 ax FOO1 BOIRO)* #OIRO) ax 1#00),

= i (#OOIRX), RO)#(X)) = —2Im (#(X)|B(X)R(X)[#(X))
which may also be written as [with g(X) areal functlon .

ap(gix) =1 2Im "p(X)|BX) AX)! g(X) OO#
R 2 # $ 0 &
Ther ef ore: !pl(ix) = aim? #OOIEC) AX) " gX) [#(X)#
: $ 00 |2

$ 4014 (X)|BY2()BY2(") ﬁ(X) g(X) |#(><)#

$!#(x)|@(")|#(><)#.$#(><)|@<") ﬁg/X) (X) |#(><)#
3 . 9
= p("[X)H#X) (") A(X) " g(X) [#(X)#

where inthe last step we have used the Schwarz inequality.



Quantum Fisher information for pure states (2)
p("|X) ? V2

From  —~ (" [X)"# (X)) A(X) # g(X)  [#(X)S

we get T2 : » "

F(X)= d ! pf' X) 7 g dr# (X)) [B(1) BX)# g(X)  [#(X)S
p(! [X) X . 9

= 4"#(X)| A(X)# g(X) [#(X)9

or yet, in ter ms of the in itial state |[! (Q)!

F(X)! 4" (0)] |[K(X)# g(X) 2|! (0)$, 19(X) %idlgd>((x)@(X)

The bound attains its minimum value when g(X) = !! (0)[KR(X)|! (0)" # 19(X )",
Therefore, we find finally t he upper bound for the Fisher inf ormation:

FX) ! 4" B2, "(0 H)2% $ ™ (0)] H(X)%"H (X )# 2|!

(0)#

We show now t hat this upper bound is actually attained by a proper
measurement, and therefore it coincides with the quantum Fisher
informa tion.



Quantum Fisher information for pure states (3)

We consider that the outgoing state is|! (X°)!, and the measurement defined by
E,= ! (X)I"(X)], Ezx=1#| (X)I" (X)]

and show that the corresponding Fisher information attains the upper bound

derived in the last slide when X’ X.We have, in this case:

1 dpu(X) °, 1 dp(X)
p1(X?)  dX® p2(X7)  dX’ |
pr(X7) = [(t (X X)IF, p(XT) = 1—pi(X).
Ther ef ore,
Fx (X') =

Fx (X') =

1 Cdpa(X) ?
pr(XH[A! pa(XH]  dX
Since limyx 1 x p1(X) = landlimyx x[dpi(X)/dX]= 0,thelimit X'! X of
this expression is indeterminate. Using |G ™ital® rule, one gets:

" py(X ) ..

lim Fx(X)=12 = 4"(0)|(! H)>|¢(0)

X /1 X ( ) dx "2 N w( )l( ) |¢( )

where, as before, 19 (X ) ! |dl9 #)1Q(X ). This is precisely the upper bound

found before. This shows t hat, for pure states,

Fo(X) = 4100 H)>, 100 H)2o# 11 (0] HX)$ HX) |! (0)




Examples of Generalized Uncertainty Relations

[For more details, see Braunst ein, Caves, and Milburn,
Annals of Physics 247, 135 (1996)]

1. Spatial displacement and moment um

Spatial displacement s are generated by t he moment um oper at or P

X)) = X PNt 1= id@d;(X)@(X) = B/
and Fo(X) = 1(! P)2"y/)8ot hat the CramZr-Rao relationyields
2
(1 X )%" # -
NI )2,

which corresponds to the Heisenberg uncertainty relation, with the
number of repetitions included.



Examples of Generalized Uncertainty Relations ( 2)

2. Harmonic-oscillat or phase and number of gquanta

Shiftsinthe phase X = | of the oscillator are generated by the number
operator B = 6 6:|(¢)! = exp(i90)|(0)!. Therefore, I9 = Hand
1
(1)1 (1 A2 H# —
(1))

Problem: | f |! (O)!is a Fock state, then((!")?) = co, but the angle is
defined between 0 and 2! . This arises because, for a number state,
Nno measurement can provide any inf or mation about the phase shift.
Thus, any estimator must satisfy d!! ¢t"/d! = Q so that the deviation

! n | "’ est $ "
|d"" est #qb/d ) |

diverges, even if ! estisrestricted to afinite range.

2. Time and ener gy

From|! (T)! = exp(" iTH/1)|! (Q)we get (! T)?"1(! H)?" # 12/4AN
where T is the elapsed time and ! (6T)%" is t he estimat or ® mean square
deviation from t he actual elapsed time.



Ent anglement - assist ed par ameter e stimation

1. Separable gubits. We go back nowtothe problem of the role of entanglement
In paramet er estimation, through a simple example, related to atomic
spect roscopy, which is useful to illustrate the theory discussed so f ar.
We prepare N qubits inthe state |-+! = (JO! + [11)/ 9. The evolution of each
qubit is given by |0l " |0, |11 " exp(i!)|1! (quite familiar from dispersive
cavity QED!). Therefore, the state |+! evolves into

I+ " P E# (]O + e’ |111)/ 2
We must now choose a proper measurement to estimate¢. We choose t he one
associat ed wit h the Pauli Y operator (we show that this is the best one). The

measurement of Y has two possible outcomes, +1, with probabilities
p(£1)!) = |'£]! "’2 = (1+cos!)/2, |£" = (|0" + 2

1) 2
The Fisher infor matlon for this measurement is thus given by
F(1) =" p =) ["pr)/m1] =1
However, we know that for the best measurement Fo(!') = 4((! 19)2)o , wherel9
here is the generator of phase displacements: I9 = (1+ Z))/2 Since for the
initial state |[+! we havel(! H)2"y = 1/4,it follows that the measurement of Y

maximizes the Fisher infor mation, leading to the cor responding CramZr-Rao
bound §¢ ! 1/ \/NFg(¢) = 1/ N, the so-called standard limit.




Ent anglement - assist ed par ameter e stimation

2. Entangled qubits. We consider now that the N qubits forma GHZ

state, with the same evolution as before, |O' " |0, |11 " exp(i!)|1!,

1N (O) = |+n! " (JO + [1)I/ 2yher e|O! = |0,08484,0!, |1! = |1,14844, 1!,
and we define also|! " # ([0"! [1")/  2.After the evolution, the initial
state b ecomes

1 (") = [0 + exp(iN")[T!) 2.

In order to estim ate th e phase, we choose th e observable()@i . )((i))

0,1 0, &84l Ry
wit h eigenvectors | x! corresponding to the eigenvalues* 1, so t hat
p(£2! (")) = [(En P ("))[* = (Lt cosN")/2

which leads to th e Fisher information F(¢) =

1 op(xlg) " _
, PELY) 99

The generator of phase displacementsist® = 'L (1+ 2)/2s0t hat

11 (O)|(! @)3|! (0)" = NZ2/4, which means that the above measurement
leads t o the maximum value of the Fisher information and to the CramZr-
Raobound!" ! 1/ Fo(") = 1/N,sometimes called Heisenberg limit .
Note that the higher precision for the same N was obtain ed by entangling
t he qubit s and making local measurements of | )((i) onh the outgoing state.

N 2.




What about non- unitary processes?

| nthe last slide, it was shown that a N-qubit GHZ state leadsto a
precision limit much better than a separable state of N qubits.

However, fromthe first part of this lecture, we know that N-partite
GHZ states are fragile under decoherence. This leads to a nat ural
qguestion: is it possible to reach the Heisenberg limit inthe presence of

decohere nce?

This question will be addressed inthe fourth lecture.

4e me Leeon: Mardi, 8 Mars, ~
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