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But de cette leeon

Dans cette legon, on généralise le traitement de la métrologie
quantique fait dans la troisieme legon. On discute d'abord une
expérience récente sur les limites de précision en interférométrie
optique avec pertes. On introduit en suite une méthode tres général
que permet de obtenir des expressions analytiques pour les limites
de précision dans la détermination de parametres quand la
décohérence joue un réle. On applique cette méthode a
I"interférométrie optique et a la spectroscopie atomique.



Quant um paramet er estimation

Holevo, Helstrom Physicd proces dependnt
on paameter x Detection

S5 BRI

*First step: Prepare Closed systems:
initial state and send ,@(X):@(X)ﬁi{gj (X)
probe through quantum
channel

A(X) = ZIEL(X),@IEL (X), Zﬁ. (X)9,(X)=1 18 — Krausopeaors

General case:

Second step: Choose POVM B, ZE) 1 p.(X ):Tr[,@(x)ﬁj]
suitable measurement

(discrete and/or continuous) or B(£), Jd&jE’ £)=1 p(&|X)= Tr[,@(X)@(é‘)]‘

*Third step: Associate each experimental result j with
estimation X (j)

IX" [HX0(1)$ X% & Merit quantifier (X)= X ! Unbiased estimator



Rappel sur |Onformation de Fisher Quantique

In the third lecture, we defined, for a given measurement corresponding
to the POVM {E’(' )} the Fusher information,

FIXG{E(M)} = d p(t]X) h“p("X) o 1 "p(lIX)

= !
"X p(tIX) "X
and we have also defined the "Quantum Fisher information,” which is
obtained by maximizing the above expression with respect to all quantum
measurements: A
Fo(X) =maxgg,y F[X;{E(!)}]
The lower bound for the precision in the measurement of the parameter
X is then 1(AXest)2"# 1/ NFqo(X), where N is the number of
repetitions of the experiment.
We showed that the Fisher information for pure states that evolve
according to|w(X)! = Q(X)|¢(0)!, where X is the parameter to be
estimated and9(X ) is a unitary operator, is

Fo(X) = ( B)2%, 100 B2 # 19(0)) B(X)$ 1R(X)"  (0)

where K9 (X) ! |dlg XIQ(X) = |L(JT(X)dL9(X)




Example f rom optical interferometry

D Y
== = == F——\

In this case, Fo(X) = 41(AD)?", where! (! B)?"g is the photon-number
variance in the upper arm.

Standard limit: Obtained with coherent states

(Ignoring repetitions
of the experiment)

Fo(X) = A(! §)%g= Alg"# 1" $

2\/'n"

In order to increase the precision, we should try to maximize the
variance. This is realized with the NOON states:

1 (N))=(IN,0) +|0,NY) /<2 |1 (N,#))=(|N,0)+€"|0,N)) /2

Ny N° 1
I 2 - U 0
<( '@) >o 4 # /Oﬁ NOON states maximize the variance.

Precision is better, for the same amount of resources.



Parameter est imationwith d ecoherence

X S

Loss of a single photon transforms NOON state into a separable statel

IN,0) + |0, N)

Experimental test with more robust states:

namre . LE‘]"‘I‘ERS
photonics PUALESHED OMLPE & AP, 2000 DO 11034 NPHOTONCI0Y039

Experimental quantum-enhanced estimation
of a lossy phase shift

M. Kacprowicz’, R. Demkowicz-Dobrzanski™**, W. Wasilewski®, K. Banaszek™ and I. A. Walmsley®

— [N —1,0)




Parameter est imationwith losses - ex periments

States leading to minimum uncertainty
in the presence of noise:

1) =% 200+ X 19" /x,[02)

o Presenalion - Coefficients are determined

; Sty Dot - numerically for each value of ! .
S0 ' .. " " Losses simulated by a beam splitter
J A.r oS ——

in the upper arm. These states are
prepared by two beam splitters.

n=1— no losses

n=0— completeloss

What hgppens - Y Yia e
whenN Increases? _ ,

S g Figure 5 | Uncartainty of phane estimates

vy~



Parameter est imationwith losses - t heory

C. W. Helstrom, Quantum detection and estimation theory. (Academic Press, New York,
1976); A. S. Holevo, Probabilistic and statistical aspects of quantum theory. (North-
Holland, Amsterdam, 1982); S. L. Braunstein and C. M. Caves, PRL 72, 3439 (1994)

It is still true that

4 =)

(Asymptotically

I X" :|_/\/|\|/:Q @?(Xrea)& /:Q(,@)( max., F(ﬁ,@j) attainable when
, j NI " )
o (dIngp, (X)& T
F(.D,E)j)" H pj(X)* %) ( ) -, pj(x):Tr%(x)@j& Lij = ° 0p(X)/0X]:j,
j ) X , pi + Dj
. < pi, p; eigenvalues of p

General expression for the quantum Fisher information:
Foll'(X)] =Tr [!A(X JL2(X )} where the operator D ("symmetric logarithmic

derivative") is defined by the equation 4(X) _ BA(X)B(X) + B(X)B(X)
dX 2

For pure states:

o _ . dp(X) _ dp*(X) _ . dp(X) | dp(X)
= Tax T Tax P T ax
so that, from B(X) = O(X)H0)0 (X), one gets the previous result

Fo(X)=41(" H)*o,withH(X)! i 0(X).
General case: P difficult to evaluate - analytic expression not known.

dp(X)

A(X)= L(X)=2 5




Reminder on the purification of an evolution

Given the Kraus decomposition of a quantum channel, it is possible to find
a correspondent unitary evolution of the system plus an environment.
That is done by picking up a basis in S, {| ¢i!s}, and as many orthonormal
vectors inR', {|i'r'}, as the number of Kraus operators. We define then:

Usr/|85)s10)rr =) 1L|é;)s|i) =

It is easy to see that this evolution preserves the norm, which implies
that it can be extended to a unitary operator acting on H s%:.

This unitary evolution is not necessarily the same as the one derived from
the original Hamiltonian: the vectors |i)s:span an "effective” reservoir
with smaller (finite) dimension than the real reservoir R, which leads
however to the same dynamics for all the states in S.

We shall use this purification strategy in order to develop a general
framework for the estimation of parameters in noisy quantum-enhanced
metrology.



Extended s pace appr oach

B. M. Escher, R. L. Matos Filho, and L. D., to be published in Nature Physics

Given I, =|" )(" | so that 8(x)=# '0,(X)8,0 (X), define in S+E
(X)) = D IL (X)) e =Ug e (X) 1p)g 10)e,

where IT, (X) = (! ‘US,E(X) 10),

Then A A A
FQ = maXé}%i F (EJ@ ® 1) < maxégs,E) - (Ejﬁs,a) — Qg
~ [~ ~ ~ Least upper
_ _ _ Q?(Poa{H! (X)}):4[<H1(X)>o_<H2(X)>§} bound:
Pnysical meaning of this X dﬁ?‘(x) drt (X) Minimizati on
bound: information Hl(X)EZ dx dX over all Kraus
obtained about parameter . operator s -
. | 5 2 d9(X)g dif ficult
when S+Eis monitored B,(X)! iff — (X)
! dX problem

Bound is attainable - there is always a| RLCERGEIELIRTTe R <o AR (] 12
choice of Kraus operators such that g, = F, information as monitoring S




Bound for independent processes

When the dynamical process is given by N identical and independent processes, a
set of Kraus operators that characterizes the quantum channel may be
decomposed as 1y, 4, ... o, (X) = [,V (X) @ I (X) ® - - @ 1,7 (X)

so that N
Cq [f}U’ﬁfl,fg,...,E,\r (X)] =4y [(I:fl(m)h - (ﬁém)ﬁ)] I o(N)

mq—1

L8 Z Z [ rm)H(nm))U B (I"{2(7ﬂ1)>0<ﬁ:gm2)>0] ’ | O(N 2)

mi)=2 mo=1

since there are N(N-1)/2 terms on the second line. The second line vanishes for
separable pure states. Then Cq (o) = 0o(V), and sinceFo < Gy we see that the
quantum Fisher information in this case scales at most as N, implying a scaling like
the standard quantum limit. This is extended to separable mixed states, using the
convexity property of the Fisher information: If 5(0) = > pm|tm >< ¥n
then F,[5(0)] < > pmFo(|vm >< ¥m]|). This shows that entanglement is
necessary in order to reach the Heisenberg limit. But it is not sufficient, since
(o is just an upper bound.



Quantum Ilimits for lossy optical interferometry

v X e e >{j1.

With losses dr(t)
(upper arm): dt

1(ﬁf(t) TN,

.
i [, f(t)]+$ armat" :

=%

(I@) | Average number of photons in the upper arm

Equivalent description in terms of the Kraus operators:
()= LONO) (1
!
Upon deriving this equation with respect to t, one should find the
master equation - there are many possible choices of Kraus operators
that lead to the above master equation. We discuss now some possible
choices.



Lossy optical interferometry and Kraus operators

Z! T o(t) =

¢
Genera expression: h
' |1
N )

Partial recovery of information upon
monitoring the environment: scattered
photons do not carry phase inf ormation

Full recovery of iInformation upon
monitoring the environment: same bound
as in the lossless case (poor bound...)

' = 0. Beam splitter placed before dispersion
I = I 1! Beam splitter placed after dispersion



Lossy optical interferometry and Kraus operators

v> > |

[ Generd expression: )

\_

!6! (") - \/(1#:;05) g’ (9198) gl 25

o

— e

v

& (8,18, (X)}) = 4] (1, (X)), - (H,(x))% |

F‘.pl(X) l # d'(")! (X) dld! (X)

dX dX

B0 i X ()

T dx

|'A|1(!’"3#) —
gQ(!au;#) —

11 (1+ #) (1!

"),

T-(1+#)1=")

A

O : Beam splitter placed before dispersion
1. Beam splitter placed after dispersion
Fq (M) ! Cq (m;a)
= 411" (1+ ) (1" )] 4 7%
+ 41+ )’y (1" n) H%
where (A7?), is the photon-number variance
in the upper arm of the interferometer.




Lossy optical interferometry and Kraus operators (2)

Fo (®) T Cq (fo; ) .

7 >€}
. ol o, |t = 0 Beam splitter placed before dispersion
= 4[1" (1+ a)(1" )] A 078

41+ a)2n (1" 1) 9% Il = 1 1: Beam splitter placed after dispersion

|y > ><

Note that & = —1 leads to the lossless For o = 0 one gets

bound, 4(A#n2)q , which is a trivial result: if Fq (po) < Cq (b))
the beam splitter is placed after the = 4n [77<A"”' o+ (1—mn) (n>0]
dispersive material, then monitoring S+E one which for n — 0 ):ields the
gets all the photons that have undergone standard limit 47(7)o. This is
dispersion and one recovers the full an upper bound to the Fisher
information of a lossless system.The Fisher information, which cannot do
information is certainly smaller than this, better than this.

but this is not a good bound. Best bound: choose o that minimizes Cg



Optimizing the bound

The bound is minimized by
(Af%)o
Xopt = ~ 5 A
(1 =n){An2)o +n(72)o
which yields

Fq (po) < Cq (po, Ctopt) = (

— 1

An(f)o(AnZ)o
1 —n)(An2)o + n(f)o
an expression that depends on the variance and average photon number in
the dispersive arm of the interferometer, and has a high degree of

generality: it was derived with no assumption whatsoever about the initial
state. Special limits:

(ADZ)o/ ()0 << n/(1—n) = Fq (o) = 4A7%)q

(An2)o/ (Ao >>n/(1—n) = 60 > \/ 4177@?0

This last result should be compared with the standard quantum limit

60sp > 1/4/4n{f), : one gets a lower limit (factor/1 —n ) but not a
change of scale.




States with well- defined photon number

This is a special case of the previous result. One sets

N
o) =Y Buln, N —n)
n=0

and one gets then
2N

14 4/14 @08

CQ (»50: aopt) < éQ

which implies

r n - N
2\/v60 > 1+\/1+1_—T7N IN, n=€"

g . . J




Quantum limits for lossy optical interferometry

4 )

| 1%  * ;
2J!—"#$)1+\/1+ %N IN, &=
\ (V& 4

J

N

Obtained from & for

state with well-defined

total photon number

nolorN! ——= Jv80>1/N — Heisenberg limit

!

!

=1" no d&@nmtion
=0" complete abxomtion

-

Coherent states on both arms: " #

 Improvement factor: 1! "/ (1+ J" )

" JAN#S
J# %l

1 5 10 50 100 500 1000

n=0.5

1+ ! =0.9

1 12099
: n:l

For N sufficiently

large,1/v/N behavior
is always reached!




How good Is t his bound?

Conpaison baween the nunerical
maximum vaue of &, and the uppe

boundﬁQ as afunaion of I, for
N =10 (blue), N = 20 (red), N = 30
(green), and N = 40 (black).

0.95
SN . Behavior of the minimum for dl
z |z 090 ,
SES . vauesof !, asafundion of N
= ossk ]
Z . ]
=" : e rrerer————— ~ [ =
030 == == === =SS E e ——— ' 1/4/vCq <380 < 1.25/4/vCq
L |
0 20 40 60 80 100



Quantum limits for atomic spectroscopy

Estimation of transition frequency: ,{;’i — ..‘_

Prepare the atoms in an initial state, let Préparation \ 4 e
them evolve freely, and measure final -| / ' eae
state. Typical procedure: Ramsey VTS ——
spectroscopy. chomes &

Resources: Number N of atoms and total YOI contanart fe chamy Y

timeT = vt, where t is the evolution
time for each atom and v is the number
of experimental repetitions .

Absence of decoherence: error scales as
-1/v/N for separable states
-1/N for GHZ states

With dephasing: S. F. Huelga et al., Improvement of Frequency Standards with
Quantum Entanglement. Phys. Rev. Lett. 79, 3865-3868 (1997). Separable state
or GHZ, with individual measurement, lead to thesame bound §wy > +/2ve/(NT),
where 7y is the dephasing rate. But it is possible to do better, through a specific
joint measurement of all atoms: dwy > /2v/(NT). Better bound, but still
proportional to 1/v/N. This bound is saturated asymptotically for spin-squeezed
states [D. Ulam-Orgikh and M. Kitagawa, Spin squeezing and decoherence limit in
Ramsey spectroscopy, Phys. Rev. A 64, 052106 (2001)]. Important question: does
it coincide with the quantum Fisher information?




Quantum limits for atomic spectroscopy (2)

The master equation describing the evolution of a two-level atom in the
presence of Markovian dephasing is

dp(t) .wo .. . Y (5. 506 — 5
— =i (62, (0] + 5 (628(8)5: — A(1))

One wants to estimate the parameter wy. In terms of Kraus operators,
pt,wo,v) = S1(t,wo,7)pS] (t,wo, ) + S2(t,wo,7)pSH(t, wo, )
where p is the initial state of the system, and
gl (t, wo, 7) _ \/(1 + 6_7t)/2 e(itwo&z/iz)’ S'g(t,wo,’y) _ \/(1 — e~ ) /2 e(itwoc‘rz/Q)a_z
With this set of Kraus operators, we get the trivial result Cp = 4({c?) — (0,)?)
which is independent of v and corresponds to the Fisher information in the
absence of dephasing. This result is easy to understand. Consider the incoming
states (|0) £+ |1))/v2 , which are the best states for frequency measurement.
Note that, under the action of these operators,
(10)s £[1)s) [0) 5 — e@=2=/D [ /(T + e=)/2(|0)s £ [1))[0) 5 + v/ (1 — €772 ([0)s F [1)5)[1) ]
If one does not monitor the environment, the initial state is transformed into
a mixture. However, if one monitors the environment, one recovers the full
information, since the states |0)g and |1) e are correlated with the two
possible outgoing states. Since measurement of the environment does matter
in this case, the derived bound is unreliable.




Quantum limits for atomic spectroscopy (3)

Idea: combine the above Kraus operators so as to erase the information in the
environment. Define the "rotated” operators (rotation parametrized by . ):

~

----l(ta Wo, Y Oé) — COS (awO)gl (ta Wo, '7) + 2 sin (awU)SQ(tJ Wo, /}/) )

A

I5(t, wo,7; &) = isin (awp)S1 (¢, wo, ) + cos (awg)Sa2(t, wo, )
One gets then the upper bound for the Fisher information, minimized overc:

NT[ 2Vt N } NT

fmax < -
e =Ty [T (@@ 1N~ 2y

Note that foryt/N << lone approaches the unitary Heisenberg limit, the

bound becoming proportional to N4 Since the last bound can be saturated
asymptotically, as shown before, it follows that lim vF5®*/N > T /27 so that

N —00

lim vFo* /N =T/2y

N—o00

Therefore, no matter how small 7y is, the asymptotic limit corresponds to a
scaling of the erroras 1/v/ N .



Conclusions

In this series of lectures, we showed that the dynamics of
entanglement is quite subtle, and that entanglement may vanish
before the coherences of a state disappear. We also showed that,
for many entangled states, the decay of entanglement becomes
faster when the number of particles increases. This poses some
problems for quantum metrology: as N increases, it becomes more
difficult to beat the standard quantum limit. We have analyzed this
within two different contexts: lossy optical interferometry and
atomic spectroscopy with dephasing.

Some important questions remain. Among them:

1. What are the most stable entangled states in the presence of
decoherence?
2. Is it possible to attain the Heisenberg limit in the presence of
decoherence?



